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Abstract 
The usual approach to linear vibration analysis of plates and shells may look easier than that of nonlinear ones, but sometimes 
linear problems may involve geometric nonlinearities or other factors that make the investigation a little harder in order to explore 
possibilities for an approximate solution. Thus our main objective in this paper is to identify such methods, which are commonly 
used in such situations. 
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1. Introduction 
  In linear theories of motion of plates and shells, the strain of the middle surface can be neglected when the 
deflections are assumed to be small compared to the thickness.  But in most practical cases this basic assumption is no 
longer valid; instead the deflections have the magnitude of the thickness. Hence the derivation of governing differential 
equations exhibiting large deflections needs special attention in such analyses. The importance of inclusion of 
nonlinear effects in problems regarding strength and stability of modern flight structures has been made clear by von 
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Kármán [1], and Kármán and Tsien [2]. Of all the early studies on nonlinear vibration analysis of thin structures, 
mentions may be made on the works of Carrier [3, 4] and Eringen [5, 6].  
Indeed, the Von Karman theory has been widely used to study the large deflections of thin structures. Herrmann 
[7] proposed the nonlinear plate theory of motion corresponding to the dynamic analogue of the von Kármán theory. 
Later the basic equations for free flexural vibrations of rectangular plates have been explicitly discussed by Chu and 
Herrmann [8]. 
 Since the basic equations governing the motion of a structure exhibiting large deflection are very complicated, it 
has always been a difficult task for investigators to obtain even an approximate solution.  Attempts have always been 
made to find ways to ease the problem.  Berger [9] proposed an alternative approach, which enabled one to replace the 
coupled Kármán equations by a simpler set of uncoupled and quasi-linear equations. This technique subsequently had 
been widely used by several authors. Because of the restriction imposed on the use of Berger’s approach, Sinharay 
and Banerjee [10] attempted to modify Berger’s assumption.  But like Berger’s approach, this method lacks in 
providing with rigorous physical justification and the accuracy of this modification has become questionable [31].  
The first author M. M. Banerjee of this paper extended the works of the second author J. Mazumdar [11] on the use of 
Constant Deflection Contour method, which appears to be an important technique for investigation of nonlinear 
vibration of elastic plates of arbitrary shapes [32].  
Apparently there is a limited literature on the pertinent analysis of large amplitude vibrations of plates having 
irregular boundaries.  However, Laura and others [12 –16] presented a very convenient tool to conformably transform 
the given domain onto a unit circle for such complicated boundaries. Yet their problems are confined to linear analysis 
only.  Banerjee [17] has made some honest attempt to extend this technique to plates exhibiting large deflections and 
vibrating at large amplitudes. 
2. Methods of Approximate Solutions 
 The linear approach may look easier than that of nonlinear ones, but sometimes linear problems also involve 
geometric nonlinearities or other factors that make the investigation a little harder even to explore possibilities for an 
approximate solution. Thus our purpose in this study is to identify such methods, which are commonly in use.  
2.1. Rayleigh, Ritz or Rayleigh-Ritz Method 
       The Ritz Method is a simple and convenient of determining solutions to plate problems. It involves choosing 
the deflection function in advance in the form of a series as,  
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We are interested here only for the important observations made on the use of this method. 
  The problem of rectangular plates with all possible mixed boundary conditions has been included in an excellent 
paper by Warburton [18] which gave formulas for finding the natural frequencies of all twenty-one possible distinct 
combinations of simple boundary conditions, using the Rayleigh method with single-term deflection modes composed 
of products of “beam functions”. 
            The concept of using beam functions with the Rayleigh-Ritz method to obtain highly accurate frequencies 
and mode shapes were set forth in the classic works of Young [19]. Young used superposition of beam functions and 
determined the eigenvectors of the amplitude coefficients by the minimizing scheme of Ritz [20]. 
      An important component in the application of R-R method is the selection of appropriate admissible functions 
for use in the series representing the deflection of the plate in concern. Different authors have proposed different sets 
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of functions. Gram-Schmidt process [21] is the important tool to generate sets of Orthogonal Polynomial functions, 
the first member of each set satisfying the geometric and natural boundary conditions of an equivalent beam, the 
remainder of the set satisfying, automatically, only the geometric boundary conditions of the beam. For example, if 
the deflection function is set as 
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 may be generated by using Gram-Schimdt process. Gram-Schimdt considered the starting function as
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with, w(x) being the weighted function and the polynomials  kX x  satisfy the orthogonality condition 
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Bhat [22] opted to choose the weighted function as unity, the interval as  0 to 1 and the coefficients of the polynomials 
are so chosen as to make the polynomials  orthonormal, 
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      Since the orthogonal polynomials satisfy only the geometric boundary conditions, except for the first member, 
they do not over restrain the structure, unlike the beam functions. Hence Bhat observes that the functions are able to 
closely approximate the true boundary conditions of the plate with the application of R-R procedure. 
      Thus with a first polynomial  1X x  satisfying the geometric and natural boundary conditions of the equivalent 
beam functions the subsequent term may  obtained from  
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In conclusion he adds that the characteristic orthogonal polynomials as proposed by him yield superior results for 
lower modes, particularly when the plate has free edges, and are simple to construct and possess the orthogonal 
property which simplifies the analysis as in the case of beam functions [23] and simply-supported plate functions [24].   
Another important observation has been made by Liew and Lam [25] by using characteristic orthogonal polynomials 
in Rayleigh-Ritz method for flexural vibrations, first introduced by Bhat [22]. Numerical results for skew plates depict 
that the convergence pattern for different modes of vibration for skew angles 15˚ and 45˚ showing stable convergence 
is reached with twenty-five terms used in the series for the expression of the transverse deflection in terms of two-
dimensional orthogonal plate functions.  For fundamental mode, the convergence may be reached with lesser terms 
but for higher modes use of more than fifteen terms seems to be essential. The convergence study made by the 
authors [25] shows that for  m = n = 6 in the expression for w(x, y)  the convergence is very rapid for all classes  
where free edges exist and that the use of a single term starting function (suggested by the authors) yields more 
satisfactory results. 
    The results presented by Dickinson and Blasio [26] confirm that the Gram-Schmidt generated polynomial 
functions proposed by Bhat are very satisfactory for use in Rayleigh-Ritz method for the study of variety of plate 
problems.  
 
2.2. Galerkin Method 
    In finding the solution for the equation     ,,  p x yL w x y
D
 ª º¬ ¼  , it is proposed to find an admissible solution     
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But in case it is not so, then there will yield some error given by 
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known as the error function. The Galerkin procedure requires that the error function be orthogonal to each of the 
approximate functions .,jI i.e.   
                                                          , , 0r j
R
E x y x y dxdyI  ³³                                                                               (14) 
which in turn yields ‘n’ simultaneous equations for determination of the unknown coefficients in equation Eqn. 
(11). The Galerkin Method has some advantage over the Ritz Method and thus its application extends over a broader 
range. 
 
2.3. Kantorovich’s Method 
       This method is essentially a generalization of the Ritz’s method. The approximate solution for  ,w x y  is 
assumed to be like that used in R-R method the only difference is that jD ’s are not constants.  In the present case the 
unknown coefficients in the expression for  ,w x y are functions of one of the independent variables x or y, e.g., 
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where  ,j x yI  is compatible with boundary conditions. The functional, say V, the expression for the total energy, 
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3. Modifications of Governing equations on Large Amplitude Vibrations of Elastic Plates 
      Due to the complicated nature of the governing equations for large amplitude vibration of plates it is very 
difficult, if not impossible, to obtain an exact solution even for a simple problem. Several investigators used different 
approaches to ease the difficulty.  Some of the modified approaches will be discussed in the following sections. 
With usual notations, subject to a normal load ‘p’, the total strain energy can be expressed in terms of the first and 
second invariants ( 1e  and 2e ) of the middle surface of the plate 
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The kinetic energy of the plate is 
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The above two expressions form the essential parts to establish the basic governing equations for vibration analysis 
of plates. 
3.1. Berger’s Approach 
    To determine an approximation to the static counterparts, Berger [9] neglected the second invariant 2e in Eqn. 
(18) and obtained the so-called Berger’s equations from the variational problem.  Nash and Modeer [27] followed 
Berger and neglected 2e in equation (18) for the dynamic problem and obtained the following equations  
                              12 constantDe Cf th                                                                                                                  (20) 
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Whereas the Karman-type equations extended to a dynamic case may be represented as (with usual notations) 
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      It is clear that Berger hypothesis led to a great simplification in the governing equations from the variational 
problem: from two coupled fourth-order equations to a single fourth-order equation. This novel idea attracted many 
investigators including Nash and Modeer [27] though no clear explanations are given to justify the omission of the 
second strain invariant 2e . However, Nowinski et al [28] made some reservations on the easy use of this method.  On 
the other hand Banerjee and Sarkar [29] put forward some limitations of Berger equations and added that its 
applicability may be restricted to the cases of clamped square and circular plates with immovable edges, and to some 
extent to the simply-supported circular or rectangular plates with small aspect ratio. Banerjee and Das [30] noticed 
some interesting points in support of Berger equations and suggested not to reject the hypothesis totally…. rather a  
restricted use… is desirable. 
         Sinharay et al [10] tried to modify Berger’s hypothesis by including a term in place of the second invariant 
appearing in the expression for the strain energy of the middle surface of the plate.  However, the accuracy of such 
modification has been questioned by Banerjee et al [31].  Like Berger’s hypothesis it lacks in providing physical 
justification for the approach. 
 
3.2. Constant Deflection Contour (CDC) Method 
   During the early seventies of the previous century, Mazumdar [11] developed a novel method for solving 
problems of elastic plates of arbitrary shape, called “constant Deflection Contour” method. Later, Mazumdar and 
others [33-37] have applied this method successfully to a number of static and dynamic analysis of plates and shallow 
shells. Following Mazumdar [11] a new idea has been put forward by  Banerjee [32] to study the dynamic response of 
structures of arbitrary shapes based on “constant Deflection Contour” (CDC) method.   
      In this section, attempts have been made to establish the validity of the constant deflection contour (CDC) 
method to the nonlinear analysis of plates of arbitrary shapes vibrating at large amplitude. A combination of the 
constant deflection contour method and the Galerkin procedure has been employed for such investigation. It has been 
demonstrated that this method provides a powerful tool to study problems involving structures with irregular 
boundaries. Recently a new idea has been put forward by Banerjee [34] for dynamic response of structures of arbitrary 
shapes based on “Constant Deflection Contour” method. 
 
3.3. Some remarks on the Constant Deflection Contour Method 
      Consider such a plate statically deflected, vibrating freely or forced to vibrate, all due to normal static or 
dynamic loads, the horizontal plane Oxy coinciding with the middle plane of the plate.  When the plate vibrates in a 
normal mode then at any instant tT , the intersections between the deflected surface and the parallels z = constant will 
yield contours which after projection onto z = 0 surface are a set of level curves, u(x, y) = constant, called the “Lines 
of Equal Deflections” [35], which are  iso-amplitude contours.  The boundary of the plate, irrespective of any 
combination of support, is also a simple curve belonging to the family of lines of equal deflections.       
            As defined by Mazumdar [11]   the family of nonintersecting curves may be denoted by uC , for uC  
*0 u ud d , so that  0uuC    is the boundary and   coincides with the point(s) at which the maximum u = u* is obtained.   
 
3.4. Method of Solution 
      The method of solution associated with real variables may be considered in two ways: Considering (22) and 
(23) as the basic equations with appropriate boundary conditions, it starts with finding the exact or approximate 
solution for I  from Eqn. (22). However, obtaining an exact solution forI  may only be feasible for linear analysis, 
similar to the method followed by Mazumdar [36]. 
 
499 M. M. Banerjee and J. Mazumdar /  Procedia Engineering  144 ( 2016 )  493 – 503 
 
 
For nonlinear analysis one may have to seek an approximate solution for which the form of the deflected function 
must be first assumed compatible with the boundary conditions. Next we solve for I  from equation (22) in 
conjunction with a Galerkin procedure. With this expression for I  and previously assumed form of W yield an 
ordinary time differential equation when the Galerkin procedure is applied again. Mathematically, the above steps may 
also be explained in the following way. Let  ,u x y u  be the representative of one of the family of the iso-deflection 
curves, then for any prescribed boundary conditions the deflection function  ,w u t  can be assumed to take the form  
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  Equation (22), in combination with (24) and (25), will yield applying Galerkin procedure  u)  ) . Substituting 
this value of    ) with W as in (24), Eqn. (23) on application of a Galerkin procedure again, will yield the error function  
 
                                                                   1 u F t F tH « » / ¬ ¼                                                     (26) 
Since equation (24) is not an exact expression for w, rather an approximation, the associated error function may be 
minimized using Galerkin method. The appropriate orthogonality condition applied to Eqn. (26) will yield the 
following “Time Differential Equation” with known constants C1 and C2, e.g.,  
 
                                                    31 2 3F t C F t C F t C q                                                                                 (27) 
the solution of which is well known (Duffing type equation) from which the required investigations can be carried 
out.  A detailed outline and illustrations are cited in Ref. [38, 46].  
 
4. A comparative Study On the SE Methods 
      Elsbrand and Leissa [39] presented the first accurate analysis using twenty-eight terms in the deflection function 
including various types of terms. The authors raised one very interesting point regarding confusion of the necessity of 
the trial functions, involved in the expression for the deflection function as the product of beam functions, to satisfy 
all the boundary conditions of the problem.  With reference to the work of Kantorovich and Krylov [40] the authors 
assert that it can be shown that the “generalized force” or “natural” boundary conditions (such as free edge conditions) 
need not be satisfied when using the Ritz method. The functional minimization process of total potential energy 
guarantees that in the limit the generalized force type boundary condition will be exactly satisfied, as well as the 
governing differential equation of motion. The advantage of choosing free edge conditions either exactly or 
approximately is that the rate of convergence of the minimization process is increased. 
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They concluded that “the comparison of results shows that the single term Rayleigh method gives reasonably accurate 
result. Furthermore from the published literature it appears to be far from universally known that the addition of terms   
to the solution may give higher values of frequency if the fundamental mode is not being analyzed. The above 
approximate methods have also been extensively used in several studies for large amplitude vibrations of plates. 
Vendhan and Das [41] observed that the Rayleigh-Ritz and Galerkin approximations converge from opposite 
directions, thus suggesting a possible approach to bind the solutions on either side.  In certain cases the sequence of 
G-approximations may converge faster than R-R method [42]. In the R-R method, it is necessary that the coordinate 
functions satisfy only the kinematic boundary conditions.  However, it is often insisted that the coordinate functions 
should satisfy both kinematic and natural or force boundary conditions in the application of Galerkin-method Bert 
[43]. 
 
x The application of constant deflection contour method to plates and shells appears to be simpler than many 
existing methods. 
x The CDC method offers a new approach to deal with problems involving large amplitude vibrations of plates.  
x The significant property of the CDC method lies in the fact the basic governing equations reduce to  a set of 
ordinary differential equations.   
x The CDC method can be applied to study static as well as dynamic behaviour of structures having irregular or 
complex boundaries for which other methods may fail.     
x The use of polynomial expressions for the deflection and the stress functions in conjunction with the Galerkin 
procedure appear to produce excellent results.  
x The comparison of results shows that even an approximate assumption for the expression of the deflection 
function yields results close to the exact results in all cases, sometimes better than those obtained using other 
methods. However, these results appear to be more accurate for the linear cases. In the case of nonlinear 
vibrations, the results compare very well with those previously obtained [27, 44]. Additionally, the load 
deflection relations coincide very closely with that of Way [45].  
x Thus CDC method also offers potential for analyzing the nonlinear response of complex structures. The use of 
Conformal mapping technique restricts one in finding the proper mapping function.  
In conclusion it may be said that the CDC method is relatively a simple technique to deal with problems of nonlinear 
vibration of plates and shallow shells of arbitrary plan form. 
Appendix A.                                                                                      
For advance studies on Shallow shells, works of Banerjee and Mazumdar [46] may be referred to here. Authors 
considered an elastic, isotropic shallow shell of uniform thickness ‘h’ subject to a continuously distributed normal 
load q. Let the equation of the middle surface of the shell referred to a system of orthogonal coordinates xyz, be given 
by [34] 
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2 2x xy y
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z
R R R
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where 2 2r x y   is small compared to the least of the radii of curvature, yx RR ,  and  xyR  (supposed to be 
constants).  If the shell is assumed to be comparatively thin and the displacements (u, v, w) are predominantly 
flexural. Following Ilyushin’s approach to Elastic-Plastic deformation [47], the bending moments Mx, My and Mxy  
are given by the following relationships  
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Furthermore, since D and E are related as,  3 2/12 1D Eh Q  , when h and Q  are constants, D/E is a constant . So 
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when D assumes the form 0 (1 )D D : , E changes to 0 (1 )E E :  
where                     
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in which se  is the yield strain and O  is a material constant.   
With usual notations using the expressions for the total strain energy, the kinetic energy and the work done and 
then formulating the Lagrangian and applying Hamilton’s principle to it, a straightforward application of the 
variational calculus yields the following equations of motion [46]  
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and coupled with the Airy-Stress function ‘F’, where 
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For solution the same method may be applied as described in Section 3(i) - 3(iv) of Ref. [46] may be consulted. 
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